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Abstract 

This paper applies two node-based graph theoretic 

algorithms to cluster a set of 2680 Autism Spectrum 

Disorder (ASD) subjects using ASD phenotype features. 

The two node-based resilience measures are vertex 

attack tolerance (VAT) and integrity. Analysis of the 
results performed using internal cluster validation 

measures and clinical analysis outcome demonstrate the 

potential usefulness of resilience measure clustering for 

biomedical datasets.  

keywords: Clustering, graph theory, autism spectrum 

disorders, resilience measures. 

1 Introduction 

With the growing ubiquity of data in network form, 

clustering in the context of a network, represented as a 

graph, has become increasingly important. Clustering 

comprises a prolific research area in data mining and 

graph mining with a great variety of approaches [1]. 

Clustering is a very useful data exploratory machine 
learning tool that allows us to make better sense of 

heterogeneous data by grouping data with similar 

attributes based on some criteria.  

In graph theory contexts, clustering often involves 

finding a k-partitioning of the vertices of a graph. 

Optimal partitioning configurations generally have the 
property that edges are denser within a cluster and less 

dense between clusters.  There may be additional 

constraints on clusters, such as on the relative size of 

each group [2], [3]. The use of graph theoretic clustering 

techniques is not restricted to cases where the data is 
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inherently graph-based. They have also been shown to 

be effective on other types of data when that data is 

translated to a graph representation [1]. Known graph 

theoretic clustering algorithms include Girvan-Newman 
[4] and variations of spectral clustering methods [5]. The 

basis of these methods is to find a minimally sparse edge 

set whose cut maximally disconnects a graph i.e. they 

solve an edge-based problem.   

In [6], we introduced VAT-Clust, a novel graph 

theoretic clustering method based on vertex attack 
tolerance (VAT) [7], [8]. VAT-Clust approaches 

clustering from a node-based resilience perspective, in 

contrast to the known edge-based resilience methods 

[4], [5]. We demonstrated the effectiveness of using 

vertex attack tolerance (VAT) [6] in a hierarchical 
clustering method (hier-VAT-Clust) for synthetic 

datasets and a set of benchmark datasets [9], even in the 

presence of noise, when the number of clusters is known 

a priori.  In [10], we generalized the usefulness of node-

based resilience measures for clustering, particularly 
when the number of clusters is not known a priori. We 

carried out an in-depth comparative analysis using 

existing known resilience measures [7] such as integrity, 

toughness, tenacity, and scattering number as well as a 

recent natural parametrization of vertex attack 
tolerance itself: β-VAT. The results obtained 

demonstrated the effectiveness of VAT and integrity 

over the other methods in clustering the datasets with 

high accuracy. 

In this paper, we explore the application of the node-
based graph theoretic clustering algorithms (specifically 

VAT and integrity) to address the heterogeneity of 
Autism Spectrum Disorder (ASD) and identify 
meaningful subgroups. ASDs are incompletely 



understood childhood neurodevelopmental disorders 

diagnosed on the basis of behavioral assessments of 
social, communicative, and repetitive symptoms [11]. 
Although ASD is behaviorally distinctive and reliably 

identified by experienced clinicians, it is clinically and 
genetically extremely heterogeneous [12]. Children with 

ASD exhibit a wide diversity in type, number, and 
severity of social deficits, behaviors, and communicative 
and cognitive difficulties, which are assumed to reflect 

multiple etiologic origins [13]. Psychologists, who began 
to define autism subgroups in the 1990s, found that 

neither behavioral measures of core ASD symptoms nor 
cognitive measures reliably identified subgroups with 
similar outcomes or risk of recurrence in siblings. Their 

limited successes were attributed to an inability to 
assemble homogeneous ASD cohorts for analysis [12]. 
This spurred the search for biomarkers that might sort 

out the etiologic heterogeneity associated with ASD.  

A better understanding of heterogeneity in autism 
itself, based on scientifically rigorous approaches 
centered on systematic evaluation of the clinical and 

research utility of the phenotypic and genotypic markers 
[14], would generate useful information for the study of 

etiology, diagnosis, treatment and prognosis of the 
disorder. Thus, the objective of this paper is to apply 
graph theoretical clustering models to aid a biomedical 

problem: categorizing ASD patients into more 
meaningful homogenous groups. The goal is that the 
resulting clusters would provide a better understanding 

of ASD phenotypic heterogeneity and delineate 
subgroups useful for further ASD studies. We are also 

interested in investigating the appropriate graph 
constructions suited for representing the ASD 
phenotype data.  We compare the performance of our 

methods to spectral clustering using varied internal 
cluster validation indices [15]. 

The outline of our paper is as follows: In section 2, we 
present our clustering framework. A description of the 

ASD dataset, phenotype features and experimental 
results are presented in section 3. We discuss the 
relevance and impact of the results and conclude in 

section 4. 

2 Clustering Framework 

We apply the node-based resilience clustering 

framework introduced in [10]. The focus of this work is 
specifically on complete clustering of the dataset, hence 
we re-assign all critical nodes. To provide some context 

for the node-based clustering framework, we define the 
node resilience measures (VAT and integrity).   

The VAT of an undirected, connected graph G = (V, E) 

is denoted τ(G) and defined as [16], [8] 

𝜏(𝐺) =  min
𝑆⊂𝑉

{
|𝑆|

|𝑉−𝑆−𝐶max(𝑉−𝑆|+1
}   (1)

   

where Cmax(V − S) is the largest connected component in 
V − S.  

Normalized integrity [17] is defined as 

𝐼(𝐺) =  min
𝑆⊂𝑉

{
|𝑆|+𝐶max(𝑉−𝑆)

|𝑉|
} (2) 

While here we present results concerning VAT and 
integrity, other node based resilience measures may be 

used for clustering, as demonstrated in [10]. Note that 
every node based resilience measure involves 
computation of a critical set of vertices S (criticality also 

implying that |S| should not be “too large”) such that the 
removal of S results in a relatively “significant 
disruption” to the remaining network.   

 

2.1 Node-based Resilience Algorithm 

The general node-based resilience clustering 
algorithm (NBR-Clust) involves four main phases: i) 

Transform point data into a graph G; ii) Approximate 
resilience measure of graph, R(G),  with acceptable 
accuracy and return the candidate attack set S whose 

removal results in some number of candidate groupings 
(components C); iii) Perform a node-assignment 

strategy that assigns each node of S to a component C 
from step ii; iv) If more clusters are desired, choose the 
component with the lowest resilience measure and 

divide it into additional components using steps ii and iii.  
If fewer clusters are desired, join components with the 

greatest number of adjacent edges. The dividing and 
combining can continue until a desired number of 
clusters is obtained.  

The VAT-Clust and Integrity-Clust algorithms ( [6], 

[10]) employ a heuristic called Greedy-BC based on 

betweenness centrality, which is a graph-theoretic 
measure based on shortest paths.  The betweenness 

centrality of a node is the ratio of shortest paths that 

include that node to the total number of shortest paths.  

High betweenness centrality is a measure of the 

importance of a node, as it implies that the node is more 
likely to be part of a path used when traversing the 

graph.   

Our Greedy-BC heuristic estimates candidate attack 

sets by repeatedly taking the highest betweenness node, 

removing it from the network, taking the next highest 

betweenness node, removing it from the network, and so 

on.   In [10], we demonstrated that Greedy-BC 
approximates VAT and integrity with acceptable 



accuracy.   Hence, in this work, we implement the NBR-

Clust framework with Greedy-BC to simultaneously 

approximate VAT and integrity.  For speed we use 

unweighted betweenness centrality computations [18].  

Greedy-BC is described in detail in [8]. 

In this work, we focus on applying VAT-Clust and 

Integrity-Clust, and observing results while varying the 
desired number of clusters, k. Both VAT-Clust and 

Integrity-Clust are not guaranteed to output an exact k 
number of clusters.  It is possible that the algorithms will 
output either more or fewer clusters than desired.  When 

an algorithm produces too many clusters, we regroup 
clusters based on finding the pair of current components 

C1 and C2 that maximizes the following normalized cut 
quantity: E(C1,C2)/(C1*C2), where E(C1,C2) is the 
number of edges between C1 and C2 and C1*C2 is the 

product of the number of nodes in C1 and the number of 
nodes in C2.  This method of regrouping tends to cause 

smaller clusters to be combined into larger clusters.  
Regrouping of clusters can be repeated until the desired 
number of clusters is obtained. 

 

2.2 Graph Representations 

The first step of clustering involves transforming point 

data into graphs.  We transformed our data into kNN 
graphs.  In a kNN graph, each node is connected to its k 
nearest neighbors.  In such graphs there is a minimum 

value for k, as a function of the data distribution, such 
that graph connectivity is ensured at and above that 

value but not below it.  For example, if a graph is 
disconnected when each node is joined to its three 
nearest neighbors, and becomes connected when each 

node is joined to its four nearest neighbors, then k=4 is 
considered to be minimum connectivity, k=5 is one 

above connectivity, and k=3 is below connectivity.  In 
previous work [10], we observed that the minimum 
connectivity kNN threshold tended to yield both good 

accuracy and efficiency of clustering.   

Additional information may revealed at different 

levels of connectivity.  For example, where k is below 
connectivity, some of the clustering is already done, as 

the graph initially has more than one component. In this 
case, hierarchichal clustering proceeds by dividing the 
component with the lowest resilience measurement. A 

graph with k above connectivity contains more 
information in the form of additional edges. If nodes that 

should be clustered together are near to each other, 
edges are more likely to be added within potential 
clusters than between them. This will make it easier to 

identify clusters, and may give better clustering results 
than graphs where k is at minimum connectivity. The 

cost of using additional information is increased time 

and complexity. In this work, we considered all 
approaches, i.e. kNN graphs at connectivity, one above 
connectivity, and one below connectivity when possible 

(when minimum connectivity k > 2). 

 

2.3 Cluster Validation Metrics 

In the cluster validation phase, the aim is to determine 
the optimal clustering solution and number of clusters 

most appropriate for the input dataset based on two 
measurement criteria: Compactness and Separateness 

[19]. Compactness measures how close the members of 
each cluster are to each other. Separateness measures 
how separated the clusters are from each other. The 

optimal cluster configuration should yield clusters that 
are compact and well separated. We explored the 

application of three commonly used internal validation 
indices (Silhouette index (SI), Davies-Bouldin (DB) index 
and Calinski-Harabasz (CH) index) on the clustering 

results to measure the goodness of the clusters. The 
metrics are described fully in [20] and were 

implemented following their guidelines. The optimal 
number of clusters is determined based on the majority 
vote of the validation indices. 

 

3 Data and Experimental Results  

3.1 ASD Dataset and Phenotype Features 

In this work, we analyzed the Simons Simplex 

Collection (SSC) [21] population, a comprehensive, 
rigorous, reliable and consistent dataset supported by 

the Simons Foundation for Autism Research Initiatives 
(SFARI). (Simplex indicates that only one child in the 
family is affected with ASD while both parents and at 

least one sibling are unaffected.) To ensure reliability of 
clustering results, individuals missing any Autism 
Diagnostic Interview – Revised (ADI-R) [22] or Autism 

Diagnostic Observation Schedule (ADOS) [23] scores 
were excluded. The final dataset consisted of 2680 

subjects, 2316 males (86.4%) and 364 females (13.6%) 
between ages of 4 and 17 years old.  

The set of input features used to describe a dataset 
influences the resulting clusters. Hence, having a robust 

and diverse set of features is key to meaningful results. 
The selected 30 features (similar to features used in 
previous cluster analysis [24], [25]) spanned core 

diagnostic and symptom profiles (ADOS communication 
& social interaction, ADOS social affect, ADOS restricted 
& repetitive behavior, ADI-R  A social, ADI-R B non-

verbal), IQ (verbal and non-verbal), behavioral problems 



(aberrant behavior checklist (ABC), repeated behavior 

scale (RBS) aggregate scores, Child Behavior Checklist 
(CBCL) internalizing and externalizing scores), language 
and communication profiles (Vineland II adaptive 

functioning and communication scores), and possible 
genetic indicators (i.e. measures related to the parent - 

Broader Autism Phenotype Questionnaire (BAPQ) 
overall scores).  

All experimental analysis described in this paper 
dealing with human subjects were carried out under the 
guidelines and approval of Missouri State University 

Institutional Review Board. 

 

3.2 Experimental Setup 

To evaluate the performance of VAT and Integrity 

(INT) Clust algorithms on the ASD dataset, we vary the 

connectivity level of the kNN graph representation as 
well as k (number of clusters) from 2 to 10. The purpose 

of varying k is to determine the optimal number of 

clusters present in the dataset. Motivated by the work of 

[26] on normalization methods for spectral clustering, 

we attempt two types of normalization for the ASD 
dataset.  We were interested in observing the effect of 

data normalization on the clustering results and 

performance. 

 Range Normalization: Each feature was 
normalized between 0 and 1 using known standard 

score ranges for the phenotype feature. 

 Shi & Malik Normalization: Each feature is 
normalized using the Laplacian vector method 

described in [2], as implemented by [26].  

The type of normalization applied on the dataset did 

influence the resulting graph representation. For the 
Shi-Malik normalization, we could not generate any 
below connectivity graphs. Thus, we varied connectivity 

from minimum connectivity (kNN2) to two above 
connectivity (kNN4). For range normalization, the 

graphs were at minimum connectivity at (kNN3), so we 
varied the graphs from one below connectivity (kNN2) 
to two above connectivity (kNN5).  

 

3.3 Results 

Visualization of the top ranking cluster configurations 
in a graph network format is illustrated in Figure 1. 

According to the cluster validation indices analysis the 
quality of the clustering results degraded past k=5. Due 
to limited space, we present the results for up to k=5 

(Figure 2). The optimal number of clusters is determined 
using the cluster validation index. As can be observed  

Figure 1. Visualization of  Optimal Clustering Results 
According to Each of the Internal Validation Index and 

Type of Normalization Applied 
A. SI Range: kNN3 VAT k=2 

 

B. SI ShiMalik: kNN4 VAT k =2 

 

C. DB Range: kNN2VAT k =5 

 

D. DB ShiMalik: kNN2 INT k=5 

 
E. CH Range: kNN4 VAT k =2 

 

F.  DB ShiMalik: kNN2 INT k=5 

 
Internal validation indices: SI - Silhouette index; DB - Davies-Bouldin 
index; CH - Calinski-Harabasz index 

 
from the results of the cluster validation analysis (Figure 

2), there was no majority voting on any single 
configuration. However, from the top 6 results 
presented in Figure 1, the optimal number of clusters 

present is 2 except for DB index result on the ShiMalik 
normalized graph which selected k=5.  

The resulting clusters were analyzed clinically via 
statistical analysis (Table 1) based on mean and 
standard deviation of selected ASD outcome measures 

used in previous work [24], [25]. The clinical evaluation 
appears meaningful as in every case, one cluster has 

higher a mean severity score, lower Overall IQ and 
Vineland II Composite Score (which signifies adaptive 
functioning), and more severe restricted and repetitive 

behavior score (ADI-R C total score). To prevent bias, 
none of these evaluation measures were used in 

clustering except one (insistence on sameness score). 

 

4 Discussion and Conclusion 

The clinical outcomes analysis (Table 1) present a 
better picture of the significance and usefulness of the 

varied cluster configurations. In previous work [10], 

kNN graphs at minimum connectivity have tended to  

yield the most accurate results for datasets with ground 
truth.  However, the exact setting of the connectivity 



Figure 2. Cluster Validation Analysis of Clustering Results based on Validation Indices 

 
threshold for the optimal graph representation in this 
scenario is an open question.  The results indicate that 
sometimes setting the k threshold above connectivity 
may yield better clustering as measured via some 

validation indices.  Out of the top six results, five of them 

are VAT, suggesting that VAT could possibly outperform 

Integrity as node resilience clustering measure.  

We have shown in previous work [10] that VAT-clust 

is particularly suited for identification and removal of 
noise/outliers. We have not considered this scenario in 

the current work. Our method may be sensitive to the 

presences of noise. Hence, in future work, we plan to 

investigate the process of outlier detection and removal 

in the ASD dataset to further improve the clinical 

significance of the resulting clusters. For example, the 

kNN2VAT (Range) k=5 has a cluster consisting of only 3 

nodes.  As shown in Figure 1c, these nodes (yellow) are 
completely disconnected from the network. Possible 

removal of those nodes and subsequent reclustering 

may result in a more optimal configuration. 

The results presented in this paper are the first 
attempt of applying node-resilience clustering to a 

biomedical dataset without existing ground truths. The 
results obtained demonstrate the potential and 

usefulness of VAT-clust. We plan to further investigate 
the open questions raised in this work in future analysis.

A. Silhouette Index (max) (Range Normalization) 

 

B. Silhouette Index (max) (Shi & Malik Normalization) 

  

C. Calinski-Harabasz  Index (max) (Range Normalization) 

 

D. Calinski-Harabasz  Index (max) (Shi & Malik Normalization) 

 
E. Davies-Bouldin Index (max) (Range Normalization) 

 

F. Davies-Bouldin Index (max) (Shi & Malik Normalization) 

 



Table 1: Statistical Analysis (Mean, Standard Deviation) of Clusters by selected ASD Outcome Measures. 
 Cluster 

Size 

ADOS CSS1 Overall IQ Vineland II 
Composite Score 

Insistence on 
Sameness Score2 

ADI-R C 
Total Score3 

kNN2 VAT k=5 (Below Connectivity, Range normalized; DB Index ) 

Cluster 1 3  9.33 (0.58) 67.67(3.51) 73.00 (7.0) 5.33 (0.58) 6.33 (2.08) 

Cluster 2 51 7.96 (1.58) 87.16 (20.37) 78.35 (10.18) 4.82 (4.04) 6.35 (2.35) 

Cluster 3 687 6.97 (1.68) 94.64 (20.90) 80.99 (10.82) 3.76 (3.35) 5.43 (2.49) 

Cluster 4 794 7.93 (1.53) 57.34 (26.22) 64.67 (11.14) 8.59 (6.23) 6.89 (2.35) 

Cluster 5 1145 7.36 (1.70) 87.95 (22.92) 74.48 (9.80) 9.65 (5.94) 6.92 (2.46) 

kNN 2 INT k =5 (Minimum Connectivity, ShiMalik normalized; DB Index ) 

Cluster 1 266 7.89 (1.54) 91.31 (21.15) 79.33 (10.83) 6.60 (4.86) 5.98 (2.39) 

Cluster 2 533 7.02 (1.61) 88.26 (21.75) 73.24 (9.04) 11.90 (6.33) 7.18 (2.47) 

Cluster 3 438 7.15 (1.62) 87.07 (22.30) 75.57 (9.76) 8.32 (5.60) 6.67 (2.50) 

Cluster 4 766 6.90 (1.66) 92.39 (22.55) 79.51 (10.74) 4.46 (3.69) 5.76 (2.54) 

Cluster 5 677 8.39 (1.40) 52.68 (24.49) 62.54 (10.36) 8.21 (6.19) 6.96 (2.31) 

kNN 3 VAT k =2 (Minimum Connectivity, Range normalized; SI Index ) 
Cluster 1 1417 7.89 (1.60) 68.53 (28.11) 67.63 (10.87) 10.16 (6.43) 7.13 (2.38) 

Cluster 2 1263 7.02 (1.68) 94.05 (20.73) 79.70 (10.24) 5.00 (3.93) 5.83 (2.48) 

kNN 4 VAT k = 2 (One above Connectivity, Range normalized; CH Index ) 

Cluster 1 1471 7.73 (1.65) 70.79 (29.22) 68.28 (11.23) 10.31 (6.33) 7.12 (2.40) 

Cluster 2 1209 7.09 (1.65) 92.45 (20.94) 79.44 (10.32) 4.60 (3.56) 5.79 (2.46) 

kNN 3 VAT k = 2 (One above Connectivity, ShiMalik normalized; CH Index ) 

Cluster 1 1403 7.85 (1.54) 68.95 (28.74) 67.56 (10.91) 10.23 (6.44) 7.07 (2.38) 

Cluster 2 1277 7.00 (1.61) 93.32 (20.58) 79.63 (10.19) 4.99 (3.89) 5.91 (2.51) 

kNN 4 VAT k = 2 (Two above Connectivity, ShiMalik normalized; SI Index ) 

Cluster 1 1332 7.93 (1.61) 67.01 (28.15) 67.04 (10.77) 10.29 (6.58) 7.09 (2.39) 

Cluster 2 1348 6.96 (1.61) 93.95 (20.31) 79.52 (10.12) 5.20 (3.92) 5.95 (2.50) 
1ADOS CSS: ADOS Calculated Severity Score, 2 Insistence on Sameness Score: RBS-R Subscale V Sameness Behavior 3 ADI-R C: ADI-R Restricted, 
Repetitive, & Stereotyped Patterns of Behavior Domain Score 
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